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This paper extends the results of an earlier article concerning the existence,
uniqueness, comparison, and dynamics problems for a coupled system of parabolic
equations in unbounded domains, including the whole space R n. The present
extension is for a system of functional parabolic-ordinary equations where the
``reaction function'' is allowed to depend on the unknown function with time delay,
which may be discrete or continuous, finite or infinite. Applications are made to
some model problems, with emphasis on the convergence fo the time-dependent
solution to a steady-state solution and the decay property of the solution as
< <x “ ‘. Q 1998 Academic Press
1. INTRODUCTION
w xThis paper is a continuation of the investigation of an earlier article 10
concerning the existence, uniqueness, and dynamics of a coupled system of
parabolic equations in unbounded domains, including the whole space R n.
w xThe purpose here is to extend the results in 10 to a system of parabolic-
ordinary equations where the ``reaction function'' may depend on the
unknown functions with time delays, which may be discrete or continuous,
finite or infinite. The system of equations under consideration is given in
the form
u y L u s f t , x , u, J )u ,Ž . Ž .i i i it
Ui s 1, . . . , nŽ .
t ) 0, x g VŽ .
u s f t , x , u, J )uŽ . Ž .i it
1.1Ž .Ui s n q 1, . . . , NŽ .
Uu t , x s h t , x i s 1, . . . , n t ) 0, x g › VŽ . Ž . Ž . Ž .i i
u t , x s h t , x i s 1, . . . , N t g I , x g V ,Ž . Ž . Ž . Ž .i i i
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Ž . Ž .where u ’ u , . . . , u , J )u s J )u , . . . , J )u , V is a general un-1 N 1 1 N N
bounded domain in R n with boundary › V, and for each i s 1, . . . , nU , Li
is a uniformly elliptic operator in the form
n n
Ž i. 2 Ž i.L u s a t , x › u r› x › x q b t , x › u r› x .Ž . Ž .Ý Ýi i jk i j k j i j
j, ks1 js1
The uniform ellipticity property of L is in the sense that there existi
positive constants m , n such thati i
n
2 2Ž i. n< < < <m j G a j j G n j , j ’ j , . . . , j g R . 1.2Ž . Ž .Ž .Ýi jk j k i 1 n
j, ks1
The function J )u and the interval I are given byi i i
t
J )u s J t y s, x u s, x ds,Ž . Ž .Hi i i i
y‘
x UI s y‘, 0 when i s 1, . . . , m ,Ži
1.3Ž .
w x UJ )u s u t y r , x , I s yr , 0 when i s m q 1, . . . , N ,Ž .i i i i i i
where mU F N is a nonnegative integer and r ) 0 is a constant represent-i
ing the discrete time delay. If the integral J )u is replaced by the finitei i
integral
t
J )u s J t y s, x u s, x ds 1.4Ž . Ž . Ž .Hi i i i
ri
for some or all i s 1, . . . , mU , where 0 - r - ‘, then the interval I ini i
Ž . w x1.3 is replaced by yr , 0 . The above consideration of J )u includesi i i
various combinations of discrete and continuous time delays, including a
combination of finite continuous and discrete time delays. In particular,
when mU s N, the delays in the system are all of the continuous type,
whereas when mU s 0, they are all of the discrete type. On the other
U Ž .hand, if n s N, then problem 1.1 becomes a system of parabolic
equations with various possible combinations of continuous and discrete
delays. Throughout this paper we assume that for each i s 1, . . . , mU ,
Ž . ŽJ t, x is piecewise continuous in t and Holder continuous in x uniformlyÈi
.in t and possesses the property
‘
J t , x G 0, J t , x dt s 1 t ) 0, x g V . 1.5Ž . Ž . Ž . Ž .Hi i
0
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For finite continuous delays the above condition is replaced by
J t , x G 0, J t , x s 0 for t ) r , andŽ . Ž .i i i
r 1.6i Ž .
J t , x ds s 1, x g V .Ž . Ž .H i
0
Parabolic systems with time delays are often formulated as evolution
equations in Banach spaces, and the existence and dynamics problems are
Žtreated in the framework of semigroup theory and dynamical systems e.g.,
w x .see 2, 6]8, 16, 17 and the references therein . However, because of the
absence of the usual compactness property, as in bounded-domain prob-
Ž .lems, this approach is not suitable for system 1.1 . Recently the method of
upper and lower solutions has been used successfully for the treatment of
Žsome parabolic systems in unbounded domains without time delays cf.
w x. w x10 . It has also bee used in 12]14 for bounded domain problems with
w xtime delays. In this paper we combine the techniques used in 10, 14 to
Ž . nextend this method to system 1.1 with V s R as well as a general
unbounded domain V, including the exterior of a bounded domain and a
n Ž .half-space in R . As in bounded-domain problems, the dynamics of 1.1 is
closely related to the solutions or quasi-solutions of the elliptic system
yL u s f x , u, u i s 1, . . . , nUŽ . Ž .i i i x g VŽ .
0 s f x , u, u i s n* q 1, . . . , NŽ . Ž . 1.7Ž .i
Uu x s h x i s 1, . . . , n x g › V .Ž . Ž . Ž . Ž .i i
The plan of the paper is as follows. In Section 2 we investigate the
Ž . nexistence and uniqueness of a solution to 1.1 in R and in a general
Ž .unbounded domain V. The dynamics of 1.1 in V and the existence
Ž .problem of 1.7 are discussed in Section 3. Section 4 contains some
applications of the existence and dynamics results to some model problems
arising from gas]liquid interaction and pattern formulation of certain
chemical concentrations.
2. THE EXISTENCE-COMPARISON PROBLEM
Ž .To investigate the existence and uniqueness of a solution to 1.1 , we
consider an arbitrary constant T ) 0 and define
x x w xD s 0, T = V , S s 0, T = › V , D s 0, T = VŽ ŽT T T
Ž i. Ž i. w xQ s I = V , Q s I j 0, T = V i s 1, . . . , NŽ .Ž .0 i T i
Q s QŽ1. = ??? = QŽN . , Q s QŽ1. = ??? = QŽN . ,0 0 0 T T T
C. V. PAO560
mq a mŽ . Ž .where V s V j › V. Denote by C D the set of functions in C Dloc T T
Ž xthat are locally Holder continuous in x, uniformly in t g 0, T , and byÈ
1, 2Ž .C D the set of functions that are once continuously differentiable in tT
Ž .and twice continuously differentiable in x for t, x g D , where m is aT
Ž .nonnegative integer and a g 0, 1 . The corresponding set of N-vector
mq a Ž . 1, 1Ž .functions is denoted by C D and C D , respectively. Similarloc T T
function spaces with possibly different domains will be used throughout
the paper. It is always assumed that › V is of class C 2qa, and for each
U Ž i. Ž i. 2qa Ž .i s 1, . . . , n and any T ) 0 the coefficients a , b of L are in C Djk j i T
1qa Ž . Ž . Ž . Ž .and C D , respectively; the functions f t, x, ? , h t, x , and h t, xT i i i
a 2qa 2qa Ž i.Ž . Ž . Ž .belong to C D , C S , and C Q , respectively; and h and hT T 0 i i
Ž . Ž .satisfy the compatibility condition h 0, x s h 0, x on › V. In addition toi i
the above smoothness assumptions, we impose the following main condi-
tions on the vector function:
f ?, u, v ’ f ?, u, v , . . . , f ?, u, v .Ž . Ž . Ž .Ž .1 N
Ž . Ž . Ž .H i f ?, u, v is mixed quasi-monotone for u, v g S, and for each1
i s 1, . . . , N, there exists a constant K G 0 such thati
< X X < < X < < X <f t , x , u, v y f t , x , u , v F K u y u q v y vŽ . Ž . Ž .i i i
when
u, v, uX , vX g S t , x g D ,Ž .Ž .T
where S is a subset of R N.
Ž . Uii There exists w g S and positive constants A , b with b -i i i
Ž .y14n T such thati
< U U < < < 2 < <f t , x , w , J )w F A exp b x as x “ ‘, t G 0Ž . Ž .Ž .i i i
Ž .where n ) 0 is the constant appeared in 1.2 .i
Recall that by writing u, v in the split form,
w x w x w x w xu s u , u , u , v s v , v ,Ž . Ž .a b c di i i i i
Ž .we say that f ?, u, v is mixed quasi-monotone in S if for each i s 1, . . . , N,
there exist nonnegative integers a , b , c , and d with a q b s N y 1, ci i i i i i i
Ž w x w x w x w x .q d s N such that f ?, u , u , u , v , v is nondecreasing withi i i a b c di i i i
w x w xrespect to the components of u and v , and is nonincreasing witha ci i
w x w xrespect to the components of u and v for all u, v in S. In particular,b di i
Ž .f ?, u, v is said to be quasi-monotone nondecreasing in S if b s d s 0 fori i
Ž Ž .every i that is, f ?, u, v is nondecreasing with respect to every componenti
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.of u and v, except possibly the component u . The subset S in thei
Ž .hypothesis H is taken as the sector between a pair of coupled upper and1
lower solutions. For notational convenience we define L ’ 0 when i s nUi
q 1, . . . , N.
Ž . Ž .DEFINITION 2.1. Two functions u ’ u , . . . , u , u ’ u , . . . , u inÄ Ä Ä Ã Ã Ã1 N 1 N
a 1, 2Ž . Ž . Ž .C Q l C D are called coupled upper and lower solutions of 1.1T T
if u G u, and if for each i s 1, . . . , N,Ä Ã
w x w x w x w xu y L u G f t , x , u , u , u , J )u , J )uÄ Ä Ä Ã Ã Ä ÃŽ .a b c di i i i i i i i i in DTw x w x w x w xu y L u F f t , x , u , u , u , J )u , J )uÃ Ã Ã Ã Ä Ã ÄŽ .a b c di i i i i i i i i
2.1Ž .
Uu t , x G h t , x G u t , x on S i s 1, . . . , nŽ . Ž . Ž . Ž .Ä Ãi i i T
Ž i.u t , x G h t , x G u t , x in Q i s 1, . . . , N ,Ž . Ž . Ž . Ž .Ä Ãi i i 0
Ž .y1and there exist positive constants A and g with g - 4n T such thati i i i
< < < < 2u t , x F A exp g xŽ .Ä Ž .i i i
< <as x “ ‘ t ) 0 . 2.2Ž . Ž .2< < < <u t , x F A exp g xŽ .Ã Ž .i i i
For a given pair of coupled upper and lower solutions u, u, we define theÄ Ã
sectors
² :u, u ’ u g C Q ; u F u F uÃ Ä Ã Ä 4Ž .T
2.3Ž .
² :u , u ’ u g C Q ; u F u F u .Ã Ä Ã Ä 4Ž .i i i T i i i
Define also
L u ’ u y L u q K uŽ .i i i i i i it i s 1, . . . , N , 2.4Ž . Ž .
F t , x , u, J )u s K u q f t , x , u, J )uŽ . Ž .i i i i
U Ž .where L u ’ 0 for i s n q 1, . . . , N, and K is the constant in H .i i i 1
Ž .Then problem 1.1 is equivalent to the system
w x w x w x w xL u s F t , x , u , u , u , J )u , J )uŽ .a b c di i i i i i i i
in D i s 1, . . . , NŽ .T
u t , x s h t , x on S i s 1, . . . , nUŽ . Ž . Ž .i i T
2.5Ž .
u t , x s h t , x in QŽ i. i s 1, . . . , N .Ž . Ž . Ž .i i 0
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Ž . Ž .It is obvious from 2.4 and hypothesis H that1
w x w x w x w xF ?, u , u , v , J )u , J )vŽ .a b c di i i i i i
w x w x w x w xG F ?, ¤ , v , u , J )v , J )uŽ .a b c di i i i i i
when u G u G v G u. 2.6Ž .Ä Ã
Ž .Hence for the existence-uniqueness problem of 1.1 it suffices to show the
Ž .existence of a unique solution to 2.5 . We first show this for the Cauchy
problem
x nL u s F t , x , u, J )u in 0, T = RŽ . Ži i i i s 1, . . . , N 2.7Ž . Ž .nu t , x s h t , x in I = RŽ . Ž .i i i
by the method of monotone iterations. Specifically, by starting from the
Ž0. Ž0. Žk . 4initial iterations u s u and u s u, we construct two sequences u ’Ä Ã
Žk . Žk . Žk . Žk . Žk . 4  4  4u , . . . , u , u ’ u , . . . , u from the linear iteration process,1 N 1 N
Žk . Žky1. Žky1.w xL u s F t , x , u , u ,Ž ai i i i i
Žky1. Žky1. Žky1.w xu , J )u , J )uc /b dii i
in DTŽk . Žky1. Žky1.L u s F t , x , u , u , 2.8Ž .ži i i i ai
Žky1. Žky1. Žky1.w x w xu , J )u , J )ub d /ci ii
Žk . Žk . Ž i.u t , x s u t , x s h t , x in Q i s 1, . . . , N ,Ž . Ž . Ž . Ž .i i i 0
Ž x n Ž i. nwhere D s 0, T = R , Q s I = R . To ensure that these sequencesT 0 i
Ž .are well defined and converge to a unique solution of 2.7 , we used the
Ž .integral representation for the solution of 2.8 . Define
Žk . Žk . Žk . Žk . Žk . Žk .w x w xq t , x ’ F t , x , u , u , u , J )u , J )uŽ . a cž /i i i b di ii i
Žk . Žk . Žk . Žk . Žk . Žk .w x w xq t , x ’ F t , x , u , u , u , J )u , J )uŽ . b dž /i i i a ci ii i 2.9Ž .
J Ž0. t , x ’ G t , x ; 0, j h 0, j dj ,Ž . Ž . Ž .Hi i i
nR
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Ž . Ž wwhere G t, x; t , j is the fundamental solution of the operator L cf. 4,i i
Žk . Žk .x. Ž .11 . Then the solutions u and u of 2.8 may be expressed asi i
tŽk . Ž0. Žky1.u t , x s J t , x q dt G t , x ; t , j q t , j djŽ . Ž . Ž . Ž .H Hi i i i
n0 R
i s 1, . . . , nUŽ .
tŽk . Ž0. Žky1.u t , x s J t , x q dt G t , x ; t , j q t , j djŽ . Ž . Ž . Ž .H Hi i i i
n0 R
2.10Ž .
tŽk . yK t yK Ž tyt . Žky1.i iu t , x s e h 0, x q e q t , x dtŽ . Ž . Ž .Hi i i
0
i s nU q 1, . . . , NŽ .
tŽk . yK t yK Ž tyt . Žky1.i iu t , x s e h 0, x q e q t , x dt .Ž . Ž . Ž .Hi i i
0
Žk . Žk . 4  4In the following lemma we show that the sequences u , u are
uniquely determined and are monotonic.
Žk . Žk . Žk . Žk . Žk . 4  4  4 LEMMA 2.1. The sequences u ’ u , . . . , u and u ’ u ,1 N 1
Žk .4 Ž .. . . , u gi¤en by 2.8 are well defined and possess the monotone propertyN
Žk . Žkq1. Žkq1. Žk . nw xu F u F u F u F u F u on 0, T = R 2.11Ž .Ã Ä
Žk . Žk .for e¤ery k. Moreo¤er, for each k s 1, 2, . . . , the pair u and u are
Ž .coupled upper and lower solutions of 2.7 .
Ž . Ž . Ž .Proof. It is easy to see from 2.4 , 2.9 and hypothesis H that both1
Žky1. Žky1. a Žky1. Žky1.Ž .q and q are in C D whenever u and u are ini i loc T
a Žky1. Žky1.Ž . ² : Ž .C Q . Moreover, if u and u are in u, u , then by H thereÃ Äloc T 1
exist positive constants AX , b X such thati i
2X XŽky1.< < < <q t , x F A exp b xŽ . Ž .i i i
< <as x “ ‘ i s 1, . . . , NŽ .2X XŽky1.< < < <q t , x F A exp b xŽ . Ž .i i i
Žk . Žk .Ž w x.cf. 10 . This implies that for each i s 1, . . . , N, the solutions u , u ofi i
Ž . 2qa Ž .2.8 exist, are in C D , and possess the growth propertyloc T
2 2Y Y Y YŽk . Žk .< < < < < < < < < <u F A exp b x , u F A exp b x as x “ ‘Ž . Ž .i i i i i i
2.12Ž .
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Y Y Žky1. Žky1. ² :for some constants A and b whenever u and u are in u, u lÃ Äi i
a Ž0. Ž0. Ž1. Ž1.Ž . Ž w x.C D cf. 4, 11 . It is clear from u s u and u s u that u and uÄ Ãloc T
Ž . Ž . Ž . Ž .exist and satisfy 2.12 for k s 1. Moreover, by 2.8 , 2.4 , and 2.1 , the
Ž0. Ž0. Ž1. Ž1. Ž0. Ž1. Ž0. Ž1.functions z s u y u s u y u and z s u y u s u y uÄ Ãi i i i i i i i i i
satisfy the relation
Ž0. w x w x w x w xL z s L u y F u , u , u , J )u , J )u G 0Ä Ä Ä Ã Ä ÃŽ .a b c di i i i i i i i i i in DTŽ0. w x w x w x w xL z s F u , u , u , J )u , J )u y L u G 0Ã Ã Ä Ã Ä ÃŽ .a b c di i i i i ii i i i
Ž0. Ž0.z t , x s u t , x y h t , x G 0, z t , x s h t , x y u t , x G 0Ž . Ž . Ž . Ž . Ž . Ž .Ä Ãi i i i i i
in QŽ i. .0
Ž0. Ž1. Ž0. Ž1.< < < < < < < < < < < < Ž .Since z F u q u and z F u q u the relations 2.2 andÄ Ãi i i i i i
YŽ .  42.12 imply that for any d ) b ’ max g , b ,i i i i
2 2 2yd R Ž0. yd R b Ri i ilim sup e min z t , x G lim e yA e s 0, 2.13Ž . Ž .Ž .i i
< < R“‘x sRR“‘
Y Ž0. Ž0. Ž0.where A s A q A and z stands for either z or z . By the Phrag-i i i i i i
Ž0. Ž w x.man]Lindelof principle, z G 0 in D cf. 11, 15 . This shows thatÈ i T
Ž1. Ž0. Ž1. Ž0.u F u and u G u .
Ž1. Ž1. Ž1. Ž . Ž .Let z s u y u , i s 1, . . . , N. By 2.8 and 2.6 ,i i i
Ž1. Ž0. Ž0. Ž0. Ž0. Ž0.w x w xL z s F u , u , u , J )u , J )ua cž /i i i i b di ii i
Ž0. Ž0. Ž0. Ž0. Ž0.w x w xyF u , u , u , J )u , J )u G 0,b dž /i i a ci ii i
Ž1.Ž . Ž i. Ž . < Ž1. <and z t, x s 0 in Q . Since by 2.12 with k s 1, z Fi 0 i
Y Ž Y < < 2 . < < Ž . Ž1.2 A exp b x as x “ ‘, a relation similar to that in 2.13 hold for z .i i i
It follows again from the Phragman]Lindelof principle that z Ž1. G 0. TheÈ i
Ž1. Ž1. 2qa Ž .above conclusions show that u and u are in C D and satisfy theloc T
Ž1. Ž1. Ž .relation u F u F u F u on D . The monotone property 2.11 followsÃ Ä T
w xfrom an induction argument similar to that in 10 .
Žk . Žk . Ž .To show that u and u are coupled upper and lower solutions of 2.7
Ž . Ž . Ž .for every k G 1, we observe from 2.8 , 2.6 , and 2.11 that
Žk . Žk .u y L uŽ .i i it
Žky1. Žk .s K u y uŽ .i i i
Žky1. Žky1. Žky1. Žky1. Žky1.w x w xq f u , u , u , J )u , J )ua cž /i i b di ii i
Žk . Žk . Žk . Žk . Žk .w x w xG f u , u , u , J )u , J )ua cž /i i b di ii i
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uŽK . y L uŽk .Ž .i i it
s yK uŽk . y uŽky1.Ž .i i i
Žky1. Žky1. Žky1. Žky1. Žky1.w x w xq f u , u , u , J )u , J )ub dž /i i a ci ii i
Žk . Žk . Žk . Žk . Žk .w x w xF f u , u , u , J )u , J )u ,b dž /i i a ci ii i
Žk . Žk . Ž i. Žk . Žk .Ž . Ž . Ž .and u t, x s u t, x s h t, x in Q . Since u and u are ini i i 0
Žk . Žk .² : Ž .u, u , they satisfy the growth condition 2.2 . This shows that u and uÃ Ä
Ž .are coupled upper and lower solutions of 2.7 , which completes the proof
of the lemma.
Ž .In view of the monotone property 2.11 the pointwise limits
Žk . Žk .lim u t , x s u t , x , lim u t , x s u t , x 2.14Ž . Ž . Ž . Ž . Ž .
k“‘ k“‘
Ž .exist and satisfy the relation u F u F u F u on D . Letting k “ ‘ in 2.8Ã Ä T
w xand following the argument in the proof of Lemma 3.2 of 10 shows that u
and u satisfy the relation
w x w xu y L u s f t , x , u , u , u ,Ž . Ž a bi i i i it i i
w x w xJ )u , J )u .c di i in DTw x w xu y L u s f t , x , u , u , u ,Ž . 2.15Ž .Ž bai i i i it ii
w xw xJ )u , J )u .dc ii
Ž i.u t , x s u t , x s h t , x in Q , i s 1, . . . , N .Ž . Ž . Ž . Ž .i i i 0
In the following theorem we show that u s u, and this is the unique
Ž .solution of 2.7 .
THEOREM 2.1. Let u, u be a pair of coupled upper and lower solutions ofÄ Ã
Ž . Ž . ² : Ž .2.7 , and let hypothesis H hold with S s u, u . Then problem 2.7 has aÃ Ä1
2qa Ž . ² :unique solution u g C D l u, u . Moreo¤er, the sequencesÃ Äloc T
Žk . Žk . 4  4 Ž .u , u gi¤en by 2.8 con¤erge monotonically to u and satisfy the
relation
Žk . Žkq1. Žkq1. Žk . nw xu F u F u F u F u F u F u on 0, T = R . 2.16Ž .Ã Ä
w xProof. The proof is along the same line as that in 10 , and we give a
sketch as follows. Let B be an arbitrarily large ball in R n with surface › B,
Ž .and let G t, x; t , j be the Green's function of the operator L in thei i
U Ž xbounded domain D ’ 0, T = B under the Dirichlet boundary conditionT
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U Ž xon S ’ 0, T = › B. DefineT
w x w x w x w xq x , t ’ F t , x , u , u , u , J )u , J )uŽ . Ž .a cb di i i i ii i
w x w x w xw xq x , t ’ F t , x , u , u , u , J )u , J )uŽ . Ž .b da ci i i i ii i 2.17Ž .
J Ž1. t , x ’ G t , x ; 0, j h 0, j dj i s 1, . . . , N .Ž . Ž . Ž . Ž .Hi i i
B
Ž . UBy considering 2.15 in the bounded domain D , we may writeT
tŽ1.u t , x s J t , x q dt G t , x ; t , j q t , j djŽ . Ž . Ž . Ž .H Hi i i i
0 B
› Gt iq dt t , x ; t , j c t , j djŽ . Ž .H H i›n0 › B j
tŽ1.u t , x s J t , x q dt G t , x ; t , j q t , j djŽ . Ž . Ž . Ž .H Hi i i i
0
2.18Ž .
› Gt i Uq dt t , x ; t , j c t , j i s 1, . . . , nŽ . Ž . Ž .H H i›n0 › B j
tyK t yK Ž tyt .i iu t , x s e h 0, x q e q t , x dtŽ . Ž . Ž .Hi i i
0
t UyK t yK Ž tyt .i iu t , x s e h 0, x q e q t , x dt i s n q 1, . . . , N ,Ž . Ž . Ž . Ž .Hi i i
0
where c and c are the densities given byi i
t
c t , x s 2 dt R t , x ; t , j u t , j dj q 2u t , xŽ . Ž . Ž . Ž .H Hi i i i
0 › B
2.19Ž .
t
c t , x s 2 dt R t , x ; t , j u t , j dj q 2u t , xŽ . Ž . Ž . Ž .H Hi i i i
0 › B
Ž w x. Ž . Ž . Ž .cf. 4, 11 . The kernel R t, x; t , j has a weak singularity at t, x s t , ji
and has the estimate
< < < <ym < <yŽ nq1y2 myg .R t , x ; t , j F C t y t x y j 1 y gr2 - m - 1Ž . Ž .i i
2.20Ž .
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Ž .for some constant C . It is clear from 2.18 that the function z ’ u y ui i i i
satisfies the relation
t
z t , x s dt G t , x ; t , j q t , j y q t , j djŽ . Ž . Ž . Ž .H Hi i i i
0 B
› Gt iq dt t , x ; t , jŽ .H H
›n0 › B j 2.21Ž .
U= c t , j y c t , j dj i s 1, . . . , nŽ . Ž . Ž .i i
t UyK Ž tyt .iz t , x s e q t , x y q t , x dt i s n q 1, . . . , N .Ž . Ž . Ž . Ž .Hi i i
0
For each fixed t ) 0, define
5 5 < <z ’ max z t , x ; 0 F t F t , x g BŽ . 4ti i
2.22Ž .
5 5 5 5 5 5z ’ z q ??? q z ,t t t1 N
Ž i.Ž . Ž . Ž .where B s B j › B. It is clear that z t, x s 0 in Q , and by 1.3 , 1.5i 0
Ž .and H ,1
< < 5 5J ) z t , j F zŽ . Ž . ti i i
< < < < < < < <q t , j y q t , j F K z t , j q z t , j q J )z t , jŽ . Ž . Ž . Ž . Ž . Ž .i i i i 2.23Ž .
5 5F 3K z 0 F t F t , j g B .Ž .ti
Ž . Ž . Ž .Since by 2.19 , 2.20 , and 2.22 ,
< <c t , x y c t , xŽ . Ž .i i
t
< < < < < <F 2 dt R t , x ; t , j z t , j dj q 2 z t , xŽ . Ž . Ž .H H i i i
0 › B
X 5 5F C z ti i
X Ž . Ž .for some constant C independent of t, we see from 2.21 and 2.23 thati
t
< < 5 5z t , x F dt G t , x ; t , j dj 3K zŽ . Ž . Ž .H H ti i iž /0 B
› Gt i X 5 5q dt t ; x ; t , j dj C z .Ž . Ž .H H ti iž /›n0 › B j
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Ž Ž ..The property of G and › Gr›n which is similar to that in 2.20 leads toi i j
the estimate
< < U 1ym 5 5 U 1ym 5 5 Uz t , x F K t z q C t z i s 1, . . . , n , 2.24Ž . Ž . Ž .t ti i i i
U U Ž w x.where K and C are some constants independent of t see also 10 . Fori i
U Ž . Ž .i s n q 1, . . . , N, the relations in 2.21 and 2.23 yield the estimate
< < U 5 5 Uz t , x F K t z i s n q 1, . . . , N 2.25Ž . Ž . Ž .ti i
U Ž . Ž .for some constant K . Addition of the inequalities in 2.24 and 2.25i
leads to
< < U 1ym 5 5z t , x F K t q t z 2.26Ž . Ž . Ž .t
U Ž . w xfor some constant K . This implies that z t, x s 0 on 0, t = B for some1
w x Ž .t ) 0. A ladder argument like that in 11 shows that z t, x s 0 on1
w x Ž .0, T = B. This proves that u s u, and this is the unique solution of 2.7
w xin 0, T = B. The arbitrariness of B ensures that it is the unique solution
Ž . Ž .of 2.7 . Finally, the monotone property 2.16 is a direct consequence of
Lemma 2.1. This proves the theorem.
Ž .We next show the existence and uniqueness of a solution to 1.1 for the
general unbounded domain V. Starting again from the initial iterations
Ž0. Ž0. Žk . Žk . Žk . 4  4u s u and u s u, we construct two sequences u ’ u , . . . , u ,Ä Ã 1 N
 Žk .4  Žk . Žk .4 Ž .u ’ u , . . . , u from the linear iteration process 2.8 , with D ’1 N T
Ž x0, T = V and with the boundary condition
UŽk . Žk .u t , x s u t , x s h t , x on S i s 1, . . . , n . 2.27Ž . Ž . Ž . Ž . Ž .i i i T
To ensure the existence and the monotone property of these sequences we
consider, for each k s 1, 2, . . . , the linear scalar parabolic boundary-value
problem
L u s qŽky1. t , x in DŽ .i i i T
u t , x s h t , x on S i s 1, . . . , nU ,Ž . Ž . Ž .i i T 2.28Ž .
u t , x s h t , x in QŽ i.Ž . Ž .i i 0
Žky1. Žky1. Žky1. Ž .where q stands for either q or q , which are defined by 2.9 .i i i
The following lemma gives the existence-uniqueness result for problem
Ž .2.28 when k s 1.
Ž0. Ž0. Ž0. Ž .LEMMA 2.2. Let q stand for either q or q , which are gi¤en by 2.9i i i
U Ž .with k s 0. Then for k s 1 and i s 1, . . . , n , problem 2.28 has a unique
Ž1. Ž1. Ž0. Ž0. Ž1. Ž0. Ž0.solution u that coincides with u if q s q and with u if q s q .i i i i i i i
Ž1. Ž1.Moreo¤er, u G u on D .i i T
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 4Proof. Let V be a sequence of increasing smooth bounded domainsm
in R n such that
‘
XUV ; V ; V , V s V , › V s › V j › V , 2.29Ž .Dm mq1 m m m
ms1
Ž x Ž x X Uand let D s 0, T = V , S s 0, T = › V , where › V is the portionm m m m
Xof › V contains in V and › V is the boundary of V lying in V.m m m
Ž .Consider the linear problem 2.28 in the bounded domain D under them
additional boundary condition
Ž0. Ž0.u t , x s u t , x on S if q s qŽ . Ž .Äi i m i i
2.30Ž .
Ž0. Ž0.u t , x s u t , x on S if q s q .Ž . Ž .Ãi i m i i
Ž .It is easy to see that u and u are upper and lower solutions of 2.28 ,Ä Ãi i
Ž0. Ž0. Ž0. Ž0.Ž . w x2.30 in D for either q s q or q s q . By Theorem 2.2 of 14m i i i i
Ž w x.see also 11 for the time-delayed problem in bounded domains, a unique
Ž0. Ž0.Ž . ² :solution u exists and is in u , u . Consider the case q s q andÃ Äi m i i i i
Ž . Ž . Ž .denote the corresponding solution by u . Since u satisfies 2.28i m i mq1
Ž . Ž .in D and u F u s u on S , the standard comparison theoremÄm i mq1 i i m m
Ž0. Ž0.Ž . Ž .ensures that u F u on D . Similarly, when q s q , the corre-i mq1 i m m i i
Ž . Ž . Ž . Ž . Ž .sponding solution u of 2.28 , 2.30 exists and satisfies u F ui m i m i mq1
Ž . Ž .on D . Moreover, the relation u s u G u s u on SÄ Ãm i mq1 i i i mq1 mq1
Ž . Ž . Ž . Ž .implies that u G u on D , and therefore u G ui mq1 i mq1 mq1 i mq1 i mq1
Ž . Ž . Ž . Ž .on D . This leads to the relation u F u F u F u onm i m i mq1 i mq1 i m
D .m
Ž . Ž .Define extensions U and U to D byi m i m T
u on Du on D Ž .Ž . i mi mm m
U s U sŽ .Ž .i i mm ½ ½u on D _ D , u on D _ D .Ä Ãi T m i T m
2.31Ž .
Then
u F U F U F U F U F u on D .Ž . Ž .Ã ÄŽ . Ž .i i i i i i Tm mq1 mq1 m
This implies that the pointwise limits
lim U ’ u , lim U ’ uŽ .Ž .i i i immm“‘ m“‘
exist and satisfy u F u F u F u on D . The justification that u and uÃ Äi i i i T i i
Ž0. Ž0. Ž0. Ž0.Ž .are the solutions of 2.28 corresponding to q s q and q s qi i i i
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w xfollows from the same argument as that in 10 . Finally, by the definition of
Ž0. Ž0. Ž1. Ž1.q , q and the uniqueness property of the solution, u s u and u s u .i i i i i i
This proves the lemma.
In view of the above lemma, we have the following existence and
Žk . Žk . 4  4monotone property of the sequences u , u .
Žk . Žk . 4  4 Ž . Ž .LEMMA 2.3. The sequences u , u , gi¤en by 2.8 , 2.27 , are well
Ž . w xdefined and possess the monotone property 2.11 on D s 0, T = V.T
Žk . Žk .Moreo¤er, for each k s 1, 2, . . . , u and u are coupled upper and lower
Ž .solutions of 1.1 .
Ž . UProof. In view of Lemma 2.2 and the iteration process 2.8 for i s n
Ž1. Ž1.Ž . Ž .q 1, . . . , N, the first iterations u ’ u , . . . , u , u ’ u , . . . , u exist1 N 1 N
Ž1. Ž1.and satisfy u F u F u F u on D . Moreover, from the relationÃ Ä T
Ž1. Ž1. Ž0. Ž1.u y L u s K u y uŽ . Ž .i i i i i it
Ž0. Ž0. Ž0. Ž0. Ž0.w x w xq f u , u , u , J )u , J )ua cž /i i b di ii i
Ž1. Ž1. Ž1. Ž1. Ž1.w x w xG f u , u , u , J )u , J )ua cž /i i b di ii i
uŽ1. y L uŽ1. s K uŽ0. y uŽ1.Ž . Ž .i i i i i it
2.32Ž .
Ž0. Ž0. Ž0. Ž0. Ž0.w x w xq f u , u , u , J )u , J )ub dž /i i a ci ii i
Ž1. Ž1. Ž1. Ž1. Ž1.w x w xF f u , u , u , J )u , J )ub dž /i i a ci ii i
Ž1. Ž1.Ž .and the boundary condition 2.27 , u and u are coupled upper and
Ž .lower solutions of 1.1 . The same relation implies that for each i s
U Ž1. Ž1. Ž .1, . . . , n , u and u are upper and lower solutions of 2.28 when k s 1i i
Ž0. Ž0. Ž0. Ž1. Ž1.and q is either q or q . Using u and u instead of u and u as theÄ Ãi i i
Žk .coupled upper and lower solutions, an induction argument shows that u
Žk . Žk .Ž .and u exist and satisfy 2.11 for every k s 1, 2, . . . . The proof that u
Žk . Ž .and u are coupled upper and lower solutions of 1.1 follows from a
Ž .relation similar to that in 2.32 .
As a consequence of the above lemma, we have the following existence-
uniqueness result.
THEOREM 2.2. Let u, u be a pair of coupled upper and lower solutions ofÄ Ã
Ž . Ž . ² : Ž .1.1 , and let hypothesis H hold with S ’ u, u . Then problem 1.1 hasÃ Ä1
2qa Žk .Ž . ² :  4a unique solution u g C D l u, u . Moreo¤er, the sequences u ,Ã Äloc T
 Žk .4 Ž . Ž .u gi¤en by 2.8 , 2.27 con¤erge monotonically to u and satisfy the
Ž .relation 2.16 on D .T
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Žk . Žk . 4  4 Ž . Ž .Proof. By Lemma 2.3 the sequences u , u given by 2.8 , 2.27
converge pointwise to some limits u and u, respectively, and u - u F u F uÃ Ä
on D . To prove the existence and uniqueness problem, it suffices to showT
Ž .u s u and u satisfies 1.1 in every bounded subdomain D of D . Thism T
w xfollows from an argument similar to that in 10 . The details are omitted.
3. THE DYNAMICS PROBLEM
The existence-comparison results given in Section 2 are fundamental to
our study of the dynamics problem, which is closely related to the solutions
Ž .of the elliptic system 1.7 . In analogy to the parabolic system, we write the
elliptic system in the form
w x w x w x w xyL u s f x , u , u , u , u , u in V i s 1, . . . , NŽ .Ž .a b c di i i i s s s si i i i
u x s h x on › V i s 1, . . . , nU 3.1Ž . Ž . Ž . Ž .i i
and give the following definition.
Ž . Ž .DEFINITION 3.1. Two functions u ’ u , . . . , u , u ’ u , . . . , u inÄ Ä Ä Ã Ã Ãs 1 N s 1 N
2Ž . Ž . Ž .C V l C V are called coupled upper and lower solutions of 3.1 if
u G u and ifÄ Ãs s
yL u G f x , u , u , u , u , uÄ Ä Ä Ã Ä ÃŽ .a b c di i i i s s s si i i i in V i s 1, . . . , NŽ .
yL u F f x , u , u , u , u , uÃ Ã Ã Ä Ã ÄŽ .a b c di i i i s s s si i i i
u x G h x G u x on › V i s 1, . . . , nU . 3.2Ž . Ž . Ž . Ž . Ž .Ä Ãi i i
Recall that L s 0 when i s nU q 1, . . . , N. It is seen from the abovei
definition that the pair u and u are coupled upper and lower solutions ofÄ Ãs s
Ž . ² : Ž .1.1 when h g u , u in Q . Moreover, if f x, u, v is quasi-monotoneÃ Äs s 0
Ž .nondecreasing that is, b s d s 0 for all i , then the pair u and u areÄ Ãi i s s
not coupled and are referred to as ordered upper and lower solutions.
Ž .Throughout this section we assumed that a pair of coupled or ordered
upper and lower solutions u , u exist and the following additional hypoth-Ä Ãs s
esis holds.
Ž . Ž .H For each i, the coefficients of L and the functions f ’ f x, u, v2 i i i
Ž . Ž .and h ’ h x are all independent of t, and the vector function f x, u, vi i
Ž Ž . Ž .. 1qa Ž .’ f x, u, v , . . . , f x, u, v is a bounded C -function of x, u, v for1 N loc
² :x g V and u, v g u , u .Ã Äs s
Ž .Consider the elliptic system 3.1 in the domain V with a suitablem
boundary condition on › VX , where V is a any one of the boundedm m
Ž0. Ž0.Ž . Ž .domains given in 2.29 . As in 2.8 , we use u s u and u s u as initialÄ Ãs s s s
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Žm. Žm. Žm. Žm. 4  4  4iterations and construct two sequences U ’ U , . . . , U , U ’s 1 N s
 Žm. Žm.4U , . . . , U from the linear iteration process1 N
Žm. Žm. Žmy1. Žmy1. Žmy1.yL u q K u s F x , U , U , U ,ži i i i i i s s ba ii
Žmy1. Žmy1.U , U /s s dc ii
Žm. Žm. Žmy1. Žmy1. Žmy1.y L u q K u s F x , U , U , U ,ži i i i i i s sa bi i
Žmy1. Žmy1.U , U 3.3Ž ./s sc di i
in V i s 1, . . . , NŽ .m
UŽm. Žm.u x s u x s h x on › VŽ . Ž . Ž .i i i
X UŽm. Žm.u x s u x , u x s u x on › V i s 1, . . . , n ,Ž . Ž . Ž . Ž . Ž .Ä Ãi i i i m
Ž0. Ž0. Žm. Žm.where U s u , U s u , and U and U are the respective exten-Ä Ãi i i i i i
Žm. Žm.sions of u , u given byi i
Žm.u x when x g VŽ .i mŽm.U x ’Ž .i ½ u x when x g V_V ,Ž .Äi m
3.4Ž .
Žm.u x when x g VŽ .i mŽm.U x s i s 1, . . . , N .Ž . Ž .i ½ u x when x g V_VŽ .Ãi m
Without any loss of generality, we may assume that K ) 0 for i s nU qi
Žm. Žm.Ž . Ž .  4  41, . . . , N. It is clear from H and H that the sequences U , U1 2 s s
are well defined. In the following theorem we show that these sequences
Ž .are monotonic and converge to some functions u ’ u , . . . , u , u ’s 1 N s
Ž . Ž .u , . . . , u , called quasi-solutions of 3.1 , which satisfy the relation1 N
w x w xyL u s f x , u , u , u , u , uŽ .a cb di i i i s s s si ii i
w x w xyL u s f x , u , u , u , u , uŽ .b da ci i i i s s s si ii i 3.5Ž .
in V i s 1, . . . , NŽ .
Uu x s u x s h x on › V , i s 1, . . . , n .Ž . Ž . Ž . Ž .i i i
THEOREM 3.1. Let u , u be a pair of coupled upper and lower solutionsÄ Ãs s
Ž . Ž . Ž . ² :of 3.1 , and let hypotheses H and H hold with S ’ u , u . Then theÃ Ä1 2 s s
Žm. Žm. 4  4 Ž . Ž .sequence U , U gi¤en by 3.3 , 3.4 con¤erge monotonically to a pairs s
Ž .of quasi-solutions u , u , which satisfy 3.5 and the relations s
Žm. Žmq1. Žmq1. Žm.u F U F U F u F u F U F U F u on V . 3.6Ž .Ã Äs s s s s s s s
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U UŽ . Ž .Moreo¤er, if u s u ’ u , then u is the unique solution of 3.1 ins s s s
² :u , u .Ã Äs s
Ž . Ž . Ž .Proof. It is easy to see by 3.3 , 3.2 , and 2.6 for k s 1 that the first
Ž1. Ž1. Ž1. Ž1. Ž1. Ž1.Ž . Ž .iterations u ’ u , . . . , u and u ’ u , . . . , u satisfy the relations 1 N s 1 N
Ž1. Ž1. Ž1. Ž1.Ž .u F u F u F u on V . In view of 3.4 , u F U F U F u on V.Ã Ä Ã Äs s s s 1 s s s s
Žm. Žmq1. Žmy1. Žm.An induction argument shows that U F U F U F U on Vs s s s
for every m. This implies that the pointwise limits
Žm. Žm.lim U x s u x , lim U x s u x x g V 3.7Ž . Ž . Ž . Ž . Ž . Ž .s s s s
m“‘ m“‘
Ž .exist and satisfy the relation 3.6 . The remaining proof of the theorem
w xfollows from the same argument as in 10 and is omitted.
An immediate consequence of Theorem 3.1 is the following result for
the case b s d s 0.i i
Ž .COROLLARY 3.1. Let the hypotheses in Theorem 3.1 hold. If f x, u, v is
Žm.² :  4quasi-monotone nondecreasing in u , u , then the sequence U con-Ã Äs s s
² :¤erges monotonically from abo¤e to a maximal solution u in u , u , andÃ Äs s s
 Žm.4the sequence U con¤erges monotonically from below to a minimal solu-s
Ž .tion u . Moreo¤er, relation 3.6 holds.s
Proof. This follows from Theorem 3.1 and the fact that every solution
U U² : Ž w x.u g u , u satisfies u F u F u cf. 10 .Ã Äs s s s s s
Ž .To investigate the asymptotic behavior of the solution of 1.1 in relation
to the quasi-solutions u and u , we need to establish the nonnegatives s
Ž .property of a function z ’ z , . . . , z that satisfies the relation1 N
N
z y L z G c z q d J ) zŽ . Ž .Ýi i i i j j i j j jt
js1
in D i s 1, . . . , N 3.8Ž . Ž .T
Uz t , x G 0 on S i s 1, . . . , nŽ . Ž .i T
Ž i.z t , x G 0 in Q i s 1, . . . , N .Ž . Ž .i 0
a Ž .LEMMA 3.1. Let c , d g C D be bounded on D such that c G 0i j i j loc T T i j
Ž . 2qa Ž . Ž .for j / i and d G 0 for all i, j. If z ’ z , . . . , z g C D l C Qi j 1 n loc T T
Ž .is bounded on Q and satisfies 3.8 , then z G 0 and is bounded on Q .0 T
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Ž . U UProof. In view of 3.8 there exists nonnegative functions q , h , hi i i
a Ž .with q g C D such thati loc T
N
z y L z s c z q d J ) z q qŽ . Ž .Ýi i i i j j i j j j it
js1
in D i s 1, . . . , N 3.9Ž . Ž .T
U Uz t , x s h t , x on S i s 1, . . . , nŽ . Ž . Ž .i i T
U Ž i.z t , x s h t , x in Q i s 1, . . . , N .Ž . Ž . Ž .i i 0
Ž . Ž Ž .By the assumption of c and d , the function f ?, z, v ’ f ?, z, v , . . . ,i j i j 1
Ž ..f ?, z, v withN
N
f ?, z, v ’ c z q d ¤ q q i s 1, . . . , NŽ . Ž .Ýi i j j i j j i
js1
is quasi-monotone nondecreasing for all z, v g R N and satisfies hypothesis
Ž . N UH with S ’ R , w s 0, and b s 0. It is easy to see from the1 i
nonnegative property of q , hU , and hU that for any constants r ’i i i
Ž . a tr, . . . , r ) 0 and a ) 0, the pair z s re and u s 0 are upper andÄ Ã
Ž . U Ulower solutions of 3.9 if r G h , r G h , andi i
N
a t a t a tar e G c r e q d J ) r e q q i s 1, . . . , N .Ž .Ž . Ž .Ý i j i j j i
js1
In view of
‘
Ua t a Ž tys. a tJ ) r e s r J s, x e ds F r e i s 1, . . . , mŽ . Ž .Ž . Hj j
0
J ) r ea t s r ea Ž tyr . F r ea t i s mU q 1, . . . , N ,Ž .Ž .j
the above requirements are satisfied by some sufficiently large r and a .
Ž .Since z satisfies a growth condition similar to that in 2.2 with g s 0, it isÄ i
a bounded upper solution. It follows from Theorem 2.2 that a unique
U U a tŽ .solution z to 3.9 exists, and 0 F z F re on D . The uniquenessT
property of the solution ensures that z s zU G 0, which proves the lemma.
Based on Lemma 3.1, we show the monotone convergence of the
Ž . Ž .solution of 1.1 when f x, u, v is quasi-monotone nondecreasing and
either h s u or h s u . Since u and u are also coupled upper andÄ Ã Ä Ãs s s s
Ž . ² :lower solutions of 1.1 when h g u , u in Q , Theorem 2.2 and theÃ Äs s 0
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Ž . Ž .arbitrariness of T imply that a unique global solution u t, x to 1.1 exists
and satisfies the relation
u x F u t , x F u x for t G 0, x g V . 3.10Ž . Ž . Ž . Ž .Ã Äs s
Ž . Ž . Ž . Ž .Denote the solution by u t, x when h t, x s u x on Q and by u t, xÄ s 0
Ž . Ž .when h t, x s u x . The following theorem gives the monotone conver-Ã s
gence of these solutions as t “ ‘.
Ž .THEOREM 3.2. Let u , u be coupled upper and lower solutions of 3.1 ,Ä Ãs s
Ž . ² :and assume that f ?, u, v is quasi-monotone nondecreasing for u, v in u , uÃ Äs s
Ž . Ž . ² :and that hypotheses H , H hold with S ’ u , u . Then as t “ ‘,Ã Ä1 2 s s
Ž . Ž .u t, x con¤erges monotonically from abo¤e to the maximal solution u x ofs
Ž . Ž .3.1 , and u t, x con¤erges monotonically from below to the minimal solution
UŽ . Ž . Ž . Ž . Ž .u x . Moreo¤er, u t, x G u t, x , and if u t, x is the solution of 1.1s
² :corresponding to any h g u , u , thenÃ Äs s
Uu t , x F u t , x F u t , x for t G 0, x g V . 3.11Ž . Ž . Ž . Ž .
Proof. The proof is based on Lemma 3.1 and is a slight modification of
w x Ž . Žthe argument given in 10 . We give a sketch as follows. Let z t, x s u t q
. Ž . Ž . Ž .d , x y u t, x for an arbitrary constant d ) 0. By 1.1 , 3.10 , and the
Mean Value Theorem,
z y L z s f x , u t q d , x , u t q d , x , J )u t q d , xŽ . Ž . Ž . Ž .Ž .a ci i i i it i i
y f x , u t , x , u t , x , J )u t , xŽ . Ž . Ž .Ž .a ci i i i
N › f › fi i Xs x , j z t , x q x , j J ) z t , xŽ . Ž . Ž . Ž .Ž .Ý j j jž / ž /› u › ¤j jjs1
in D i s 1, . . . , N 3.12Ž . Ž .T
z t , x s h x y h x s 0 on S i s 1, . . . , nUŽ . Ž . Ž . Ž .i i i T
z t , x s u t q d , x y u x G 0 in Q i s 1, . . . , N ,Ž . Ž . Ž . Ž .Ãi i i 0
Ž . X XŽ .where j ’ j t, x and j s j t, x are some intermediate values between
Ž . Ž . Ž . Ž .u t, x and u t q d , x . Since by H , H and the quasi-monotone1 2
Ž . Ž .Ž .nondecreasing property of f ?, u, v the functions c ’ › f r› u x, j andi j i j
Ž .Ž X. a Ž .d ’ › f r› ¤ x, j are in C D and c G 0 for j / i and d G 0 fori j i j T i j i j
all i, j, we conclude from Lemma 3.1 and the arbitrariness of T that z G 0
w . Ž .in 0, ‘ = V. This proves the monotone nondecreasing property of u t, x
Ž .in t. A similar argument shows that u t, x is monotone nonincreasing in t
Ž . Ž .and u t, x G u t, x . This implies that the pointwise limits
lim u t , x ’ u x , lim u t , x ’ u xŽ . Ž . Ž . Ž .s s
t“‘ t“‘
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exist and satisfy u F u F u F u on V. The proof that u and u are theÃ Äs s s s s s
Ž .respective maximal and minimal solutions of 3.1 follows from the same
w xreasoning as in 10 .
Ž .We now consider the general case where the function f x, u, J )u is
² :mixed quasi-monotone in u , u . Let v s M y u with a positive constantÃ Äs s
Ž .vector M ’ M , . . . , M G u , and consider the extended system of 2 NÄ1 N s
parabolic-ordinary equations,
u y L u s H x , u, v, J )u, J )vŽ . Ž .i i i it
¤ y L ¤ s G x , u, v, J )u, J )vŽ . Ž .i i i it
in D i s 1, . . . , NŽ .T
3.13Ž .u t , x s h t , x , ¤ t , x s M y h t , xŽ . Ž . Ž . Ž .i i i i i
Uon S i s 1, . . . , nŽ .T
u t , x s h t , x , ¤ t , x s n t , xŽ . Ž . Ž . Ž .i i i i
Ž i.in Q i s 1, . . . , N ,Ž .0
and its corresponding elliptic system,
yL u s H x , u, v, u, vŽ .i i i in V i s 1, . . . , NŽ .yL ¤ s G x , u, v, u, vŽ .i i i
3.14Ž .
u x s h x , ¤ x s M y h xŽ . Ž . Ž . Ž .i i i i i
Uon › V i s 1, . . . , n ,Ž .
Ž . Ž .where u s u , . . . , u , v s ¤ , . . . , ¤ , and1 N 1 N
H x , u, v, J )u, J )vŽ .i
w x w x w x’ F x , u , u , M y v , J )u , J ) M y vŽ .Ž .a b c di i i i i i
G x , u, v, J )u, J )v 3.15Ž . Ž .i
w x w x w x’ yF x , M y ¤ , M y v , u , J ) M y v , uŽ .Ž .a b dci i i i i ii
i s 1, . . . , N .Ž .
Ž .It is clear from H that the 2 N-vector function1
F u, v, w, z ’ H u, v, w, z , . . . , H u, v, w, z ,Ž . Ž . Ž .Ž 1 N
G u, v, w, z , . . . , G u, v, w, z 3.16Ž . Ž . Ž ..1 N
Ã Ä Ã Ä² : Ž .is quasi-monotone nondecreasing in U , U , where U ’ u , M y u , UÃ Äs s s s s s
Ž .’ u , M y u , andÄ Ãs s
Ã Ä² :U , U s u, v ; u F u F u , M y u F v F M y u .Ž . Ã Ä Ä Ã 4s s s s s s
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Ž .Moreover, u and u are coupled upper and lower solutions of 3.1 if andÄ Ãs s
Ä Ã Ž . Ž w x.only if U and U are ordered upper and lower solutions of 3.14 see 10 .s s
Ž .Hence by Corollary 3.1 the elliptic system 3.14 has a maximal solution
Ã Ä² :and a minimal solution in U , U . In the following lemma we show ans s
equivalence relation between these solutions and the quasi-solutions of
Ž .3.1 .
Ž .LEMMA 3.2. The pair u and u are the quasi-solutions of 3.1 ins s
² : Ž . Ž . Ž . Ž .u , u if and only if u , v ’ u , M y u and u , v ’ u , M y uÃ Äs s s s s s s s s s
Ã ÄŽ . ² :are the maximal and minimal solutions of 3.14 in U , U .s s
Proof. Consider the quasi-solutions u , u , which are the respectives s
Žm. Žm. Ž0. 4  4 Ž .limits of the sequences u , u governed by 3.3 with u s u andÄs s s s
Ž0. Ž0. Ž0.Ž . Ž .u s u . It is easy to verify that when u , v s u , M y u andÃ Ä Ãs s s s s s
Ž0. Ž0. Žm. Žm. Žm. Žm.Ž . Ž .  4  4u , v s u , M y u , the sequences u , v ’ u , M y u andÃ Äs s s s s s s s
Žm. Žm. Žm. Žm. 4  4u , v ’ u , M y u satisfy the relations s s s
Žm. Žm.yL u q K ui i i i
Žmy1. Žmy1. Žmy1.s F U , U , M y V ,ži i s sa bi i
Žmy1. Žmy1.U , M y V /s sc di i
Žm. Žm.yL ¤ q K ¤i i i i
Žmy1. Žmy1. Žmy1.s yF M y V , M y V , U ,ži i i s sa bi i
Žmy1. Žmy1.M y V , U /s sc di i
Žm. Žm.yL u q K ui i i i
Žmy1. Žmy1. Žmy1.s F U , U , M y V ,ži i s sa bi i
3.17Ž .Žmy1. Žmy1.U , M y V /s sc di i
Žm. Žm.yL ¤ q K ¤i i i i
Žmy1. Žmy1. Žmy1.s yF M y V , M y V , U ,ži i i s sa bi i
Žmy1. Žmy1.M y V , U /s sc di i
in V i s 1, . . . , NŽ .m
Žm. Žm. Žm. Žm.u s u s h x , ¤ s ¤ s M y h xŽ . Ž .i i i i i i i
Uon › V
Žm. Žm. Žm. Žm.u s u , u s u , ¤ s M y u , ¤ s M y uÄ Ã Ã Äi i i i i i i i i i
X Uon › V i s 1, . . . , n ,Ž .m
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Žm. Žm. Žm. Žm. Žm.Ž . Žfor every m s 1, 2, . . . , where V ’ V , . . . , V and V ’ V ,s 1 N s 1
Žm... . . , V are defined byN
Žm.¤ x when x g VŽ .i mŽm.V x ’Ž .i ½ M y u x when x g V_V ,Ž .Ãi i m
3.18Ž .
Žm.¤ x when x g VŽ .i mŽm.V ’ i s 1, . . . , N .Ž .i ½ M y u x when x g V_VŽ .Äi i m
Ž0. Ž0. Ž . Ž .Since v s M y u , v s M y u , and u , M y u and u , M y uÃ Ä Ä Ã Ã Äs s s s s s s s
Ž .are ordered upper and lower solutions of 3.14 , Corollary 3.1 implies that
the pointwise limits
Žm. Žm. Žm. Žm.lim U , V ’ U , V , lim U , V s U , VŽ .Ž .Ž . Ž .s s s s s s s s
m“‘ m“‘
Ž .exist and are the respective maximal and minimal solutions of 3.14 . In
Žm. Žm. Žm. Žm. Žm. Žm.Ž . Ž .view of V s M y U , V s M y U , and U , U “ u , u ass s s s s s s s
Ž . Ž . Ž .m “ ‘, the above limits lead to U , V s u , M y u and U , V ss s s s s s
Ž . Ž .u , M y u . This shows that if u and u are the quasi-solutions of 3.1 ,s s s s
Ž . Ž .then u , M y u and u , M y u are the maximal and the minimals s s s
Ž .solutions of 3.14 . The converse follows from the same argument as that
w xin 10 .
In view of Lemma 3.2 and Theorem 2.2, if u and u are boundedÄ Ãs s
Ž . Ž .coupled upper and lower solutions of 3.1 , then each of the problems 1.1
Ã ÄŽ . ² : ² :and 3.13 has a unique bounded solution in u , u and U , U , respec-Ã Äs s s s
² :tively, when h g u , u and n s M y h. Moreover, u is the solution ofÃ Äs s
Ž . ² : Ž . Ž . Ž .1.1 in u , u if and only if u, v ’ u, M y u is the solution of 3.13 inÃ Äs s
Ã Ä² : Ž w x.U , U cf. 10 . This observation leads to the following dynamic propertys s
Ž .of 1.1 with mixed quasi-monotone functions.
THEOREM 3.3. Let u , u be bounded coupled upper and lower solutionsÄ Ãs s
Ž . Ž .of 3.1 , and let u , u be the corresponding quasi-solutions that satisfy 3.5 .s s
Ž . Ž . ² :Assume that hypotheses H , H hold with S ’ u , u . Then for anyÃ Ä1 2 s s
² : Ž . Ž .h g u , u in Q , the corresponding solution u t, x of 1.1 satisfies theÃ Äs s 0
relation
u x F lim inf u t , x F lim sup u t , x F u x on V . 3.19Ž . Ž . Ž . Ž . Ž .s s
t“‘ t“‘
U UŽ . Ž .Moreo¤er, if u s u ’ u , then u is the unique solution of 3.1 ins s s s
² :u , u andÃ Äs s
Ulim u t , x s u x on V . 3.20Ž . Ž . Ž .s
t“‘
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Ž Ž . Ž .. Ž Ž . Ž .. Ž .Proof. Let u t, x , v t, x and u t, x , v t, x be the solutions of 3.13
Ž . Ž . Ž . Ž .corresponding to h, n s u , M y u and h, n s u , M y u , re-Ä Ã Ã Äs s s s
Ž . Ž .spectively. Since the function F x, u, v, w, z given by 3.16 is quasi-mono-
Ã Ä Ä Ã² : Ž . Žtone nondecreasing in U , U , and U ’ u , M y u and U ’ u , M yÄ Ã Ãs s s s s s s
. Ž .u are ordered upper and lower solutions of 3.14 , an application ofÄ s
Ž . Ž Ž . Ž ..Theorem 3.2 to the system 3.13 shows that as t “ ‘, u t, x , v t, x
Ž . Ž . Ž Ž . Ž ..converges to the maximal solution u , v of 3.14 and u t, x , v t, xs s
Ž .converges to the minimal solution u , v , where v s M y u and v s Ms s s s s
² :y u . For arbitrary h g u , u and n s M y h, the correspondingÃ Äs s s
Ž Ž . Ž ..solution u t, x , v t, x satisfies
u t , x , v t , x F u t , x , v t , x F u t , x , v t , x .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Ž .This leads to the relation 3.19 . It is clear from this relation that if
U UŽ . Ž .u s u ’ u , then u t, x “ u as t “ ‘. The arbitrariness of h en-s s s s
U Ž . ² : Ž .sures that u is the unique solution of 3.1 in u , u and satisfies 3.20 .Ã Äs s s
This proves the theorem.
Ž .Remarks. a It is seen from Theorems 2.1 and 2.2 that the sector
² : Ž . Ž .u , u given by 2.3 is an invariant set of the parabolic system 1.1 .Ã Äs s
Ž .Since by Definition 3.1 and the relation in 3.5 the pair of quasi-solutions
Ž .u , u are also coupled upper and lower solutions of 3.1 , Theorems 3.1s s
² :and 3.2 imply that the sector u , u is the smallest invariant set as well ass s
Ž . Žan attractor of 1.1 with respect to the pair of upper and lower solutions
.u and u .Ä Ãs s
Ž . Ž .b If f ’ f x, u is independent of J )u for every i, then the definitioni i
Ž . Ž .of upper and lower solutions for 1.1 and 3.1 and the quasi-monotone
Ž . w xproperty of f x, u are reduced to that given in 10 . In this situation all of
w xthe results obtained in Sections 2 and 3 coincide with that in 10 and are
applicable to a coupled system of parabolic-ordinary differential systems.
4. APPLICATIONS
In this section we give some applications of the existence and dynamics
results obtained in the previous sections to two model problems arising
from gas]liquid interaction and pattern formulation of chemical concen-
trations. Our first model involves a dissolved gas and a dissolved reactant
that interact in V , where V is the exterior of a ball of radius r in R ne e 0
with n G 3. The equations governing the concentrations of the dissolved
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Ž . Ž .gas u ’ u t, x and the reactant ¤ s ¤ t, x are given by
u y D =2 u s ys uJ )¤ q q xŽ .t 1 1 2 1 t ) 0, x g VŽ .e2¤ y D = ¤ s ys ¤J )u q q xŽ .t 2 2 1 2
4.1Ž .
u t , x s h x , ¤ t , x s h x t ) 0, x g › VŽ . Ž . Ž . Ž . Ž .1 2
u t , x s h t , x , ¤ t , x s h t , x t g I , x g V ,Ž . Ž . Ž . Ž . Ž .1 2 i e
where for each i s 1, 2, D and s are positive constants, and q , h , and hi i i i i
Ž w x.are smooth functions cf. 1, 3 . The consideration of J )u and J )¤ is1 2
for possible time delays in the reaction process, including the case J )u s1
u, J )¤ s ¤ , without any time delay. We assume that q , h , and h are all2 i i i
nonnegative in their respective domains and q possesses the decay prop-i
erty
< <yŽ2 qd i.q x F r x x g V i s 1, 2 4.2Ž . Ž . Ž . Ž .i i e
for some positive constants r and d . It is easily seen that by consideringi i
Ž . Ž . Ž . Ž Ž . Žu , u s u, ¤ and f x, u, ¤ , J )u, J )¤ s f x, u, J )¤ , f x, J )u,1 2 1 2 1 2 2 1
..¤ , where
f x , u , J )¤ s ys uJ )¤ q q x ,Ž . Ž .1 2 1 2 1
4.3Ž .
f x , J )u , ¤ s ys ¤J )u q q x ,Ž . Ž .2 1 2 1 2
Ž . Ž . 2all of the conditions in H and H are satisfied with S ’ R . Hence1 2 q
Ž .for the existence and dynamics of problem 4.1 , it suffices to construct a
suitable pair of upper and lower solutions of the corresponding steady-state
Ž .problem. Since the function f x, u, ¤ , J )u, J )¤ is quasi-monotone non-1 2
2 Ž .increasing in R , the requirement of these functions in 3.2 , denoted byq
Ž . Ž .u , ¤ and u , ¤ , becomesÄ Ä Ã Ãs s s s
yD =2 u G ys u ¤ q q x ,Ž .Ä Ä Ã1 s 1 s s 1
y D =2 u F y s u ¤ q q xŽ .Ã Ã Ä1 s 1 s s 1
y D =2 ¤ G ys u ¤ q q x , 4.4Ž . Ž .Ä Ã Ä2 s 2 s s 2
y D =2 ¤ F y s u ¤ q q xŽ .Ã Ä Ã2 s 2 s s 2
u x G h x G u x ¤ x G h x G ¤ x .Ž . Ž . Ž . Ž . Ž . Ž .Ä Ã Ä Ãs 1 s s 2 s
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yŽ2 qd .iŽ . Ž . Ž < <. Ž . Ž . Ž .Let q r s r r , h r ’ h x G h x , and let U r and V r bei i i i i s s
any positive functions satisfying the relation
XXny1 ny1y D rr r U G q r , U r G h rŽ . Ž . Ž .Ž . Ž .1 s 1 s 0 1 0
4.5Ž .XXny1 ny1y D rr r V G q r , V r G h r r ) r ,Ž . Ž . Ž . Ž .Ž . Ž .2 s 2 s 0 2 0 0
where U X ’ dU rdr and V X ’ dV rdr. It is easy to verify from =2 w ss s s s
X Xny1 ny1Ž .Ž . Ž . Ž . Ž .1rr r w for w ’ w r and q r G q x G 0 that the pairi i
Ž . Ž . Ž . Ž . Ž .u , ¤ s U , V and u , ¤ s 0, 0 satisfy all of the inequalities in 4.4 .Ä Ä Ã Ãs s s s s s
Ž .By Theorem 3.1 the steady-state problem of 4.1 has a pair of quasi-solu-
Ž . Ž .tions u , ¤ , u , ¤ that satisfy the relations s s s
0, 0 F u , ¤ F u , ¤ F U , V 4.6Ž . Ž . Ž . Ž .Ž .s s s s s s
and the equations
2yD = u s ys u ¤ q q x ,Ž .1 s 1 s s 1
2y D = u s ys u ¤ q q x ,Ž .1 s 1 s s 1
2y D = ¤ s ys u ¤ q q x ,Ž .2 s 2 s s 2 4.7Ž .
2y D = ¤ s ys u ¤ q q x , x g VŽ . Ž .2 s 2 s s 2
u x s u x s h x ,Ž . Ž . Ž .s s 1
¤ x s ¤ x s h x x g › V .Ž . Ž . Ž . Ž .s s 2
Ž . Ž .In fact, the above equations imply that u , ¤ and u , ¤ are both trues s s s
steady-state solutions. To ensure the decay property of these solutions, we
Ž . Ž .choose U r , V r in the forms s
U r s V r s Aryd r G r 4.8Ž . Ž . Ž . Ž .s s 0
 4for some positive constants A, d with d - min 1, d , d . Indeed, direct1 2
Ž .computation shows that this pair satisfies 4.5 when
A G max h r d , r rD d n y 2 y d i s 1, 2 .Ž . Ž . 4i 0 i i
Ž . Ž . Ž . Ž .It follows from 4.6 and 4.7 that the solutions u , ¤ and u , ¤ decays s s s
Ž . < <to 0, 0 as x “ ‘. Note that these solutions are positive in V when
Ž . Ž .either q x k 0 in V or h x k 0 on › V, and they are identically zeroi i
Ž . Ž .when q x ’ h x ’ 0, i s 1, 2.i i
Ž . Ž .We next show that u , ¤ s u , ¤ , and this is the unique positives s s s
Ž . Ž . Ž .steady-state solution of 4.1 when q x k 0 or h x k 0 for i s 1, 2. Let1 i
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w s u y u G 0, w s ¤ y ¤ G 0. Then a subtraction of the correspond-1 s s 2 s s
Ž .ing equations in 4.7 gives
2= w s s rD u ¤ y u ¤ in V , w s 0, on › V ,Ž . Ž .1 1 1 s s s s 1
2 2= w s s rD u ¤ y u ¤ in V , w s 0 on › V .Ž . Ž .2 2 s s s s 2
Ž . Ž .This implies that W ’ s rD w q s rD w satisfies2 2 1 1 1 2
=2W s 0 in V W s 0 on › V .
Ž . < <Since W x “ 0 as x “ ‘, the Phragman]Lindelof principle ensures thatÈ
Ž . Ž w x. Ž . Ž .W x F 0 cf. 11, 15 . This leads to W x s 0, which proves u , ¤ ss s
Ž . Ž . Ž .u , ¤ . Since q r can be made arbitrarily large, u , ¤ is the uniques s i s s
positive steady-state solution. As a consequence of Theorems 3.1, 2.2, and
3.3, we have the following conclusion.
THEOREM 4.1. Let V be the exterior of a ball of R n with n G 3, and lete
Ž . ( . Ž . Ž .q x and h x , i s 1, 2, be nonnegati¤e and q x satisfy condition 4.2 .i i
Ž . Ž .Then i problem 4.1 has a unique nonnegati¤e steady-state solution
Ž Ž . Ž .. Ž .u x , ¤ x , and this solution is positi¤e in V if either q x k 0 ors s e i
Ž . Ž . Ž . Ž . Ž .h x k 0, i s 1, 2. ii For any h , h G 0, 0 in Q , problem 4.1 has ai 1 2 0
Ž Ž . Ž .. w .unique nonnegati¤e solution u t, x , ¤ t, x that is bounded on 0, ‘ = V ,e
Ž . Ž Ž . Ž .. Ž . < <and iii u x , ¤ x “ 0, 0 as x “ ‘ ands s
u t , x , ¤ t , x “ u x , ¤ x as t “ ‘ x g V .Ž . Ž . Ž . Ž .Ž . Ž . Ž .s s e
Our second model arises from the pattern formation of some activa-
tion]inhibition system by a reaction]diffusion mechanism in R n. A mathe-
matical model for this system is given by
u y D =2 u s f x , J )¤ , J ) zŽ .t 1 2 4
yc u q q xŽ .1 1
2¤ y D = ¤ s g x , J )u , J )wŽ .t 2 1 3
yc ¤ q q xŽ .2 2
4.9Ž .2 nw y D = w s c J )u y w t ) 0, x g RŽ . Ž .t 3 3 1
2z y D = z s c J )¤ y zŽ .t 4 4 2
u t , x s h t , x , ¤ t , x s h t , x ,Ž . Ž . Ž . Ž .1 2 nt g I , x g R ,Ž .iw t , x s h t , x , z t , x s h t , xŽ . Ž . Ž . Ž .3 4
where u, ¤ , w, and z represent various concentrations of the activators and
Ž .inhibitors, q and q are some source functions, D and c i s 1, . . . , 41 2 i i
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are positive constants, and
2
s x J ) zŽ . Ž .1 4
f x , J )¤ , J ) z sŽ .2 4 2 2M J ) z q J )¤Ž . Ž .4 2
4.10Ž .
2
s x J )wŽ . Ž .2 3
g x , J )u , J )w sŽ .1 3 2 2M J )w q J )uŽ . Ž .3 1
Ž w x. Ž .cf. 5, 9 . It is assumed that q and s i s 1, 2 are smooth boundedi i
n Ž .nonnegative functions in R with q x k 0 and M is a positive constant.i
This implies that the vector function
f x , u, J )u s f x , u, J )u , . . . , f x , u, J )u ,Ž . Ž . Ž .Ž .1 4
Ž .where u ’ u, ¤ , w, z and
f x , u, J )u s f x , J )¤ , J ) z y c u q q xŽ . Ž . Ž .1 2 4 1 1
f x , u, J )u s g x , J )u , J )w y c ¤ q q xŽ . Ž . Ž .2 1 3 2 2
f x , u, J )u s c J )u y wŽ . Ž .3 3 1
f x , u, J )u s c J )¤ y zŽ . Ž .4 4 2
4 Ž .is mixed quasi-monotone in R and satisfies all of the conditions in Hq 1
Ž . Ž .and H . To show the existence of a unique bounded solution of 4.9 , we2
first construct a pair of constant upper and lower solutions of the corre-
sponding steady-state problem. By the mixed quasi-monotone property of
Ž .the reaction function f x, u, J )u , the requirement of steady-state upper
and lower solutions becomes
yD =2 u q c u G f x , ¤ , z q q x ,Ž . Ž .Ä Ä Ã Ä1 1 1
y D =2 u q c u F f x , ¤ , z q q xŽ . Ž .Ã Ã Ä Ã1 1 1
y D =2 ¤ q c ¤ G g x , u , w q q x ,Ž . Ž .Ä Ä Ã Ä2 2 2
y D =2 ¤ q c ¤ F g x , u , w q q xŽ . Ž .Ã Ã Ä Ã2 2 2
4.11Ž .
y D =2 w q c w G c u yD =2 w q c w F c uÄ Ä Ä Ã Ã Ã3 3 3 3 3 3
y D =2 z q c z G c ¤ yD =2 z q c z F c ¤ .Ä Ä Ä Ã Ã Ã4 4 4 4 4 4
Ž .It is easily seen that for any constant K G s rM q q , i s 1, 2, the pairi i
Ž . Ž . Ž . Ž .u, ¤ , w, z s Krc , Krc , Krc , Krc and u, ¤ , w, z s 0, 0, 0, 0 satisfyÄ Ä Ä Ä Ã Ã Ã Ã1 2 3 4
Ž .all of the inequalities in 4.11 . By an application of Theorem 3.1, the
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Žk . Žk . Žk . Žk . Žk . Žk . Žk . 4  4  4  4extensions U , U of the sequences u ’ u , ¤ , w , z and
 Žk .4  Žk . Žk . Žk . Žk .4 Ž . Ž .u ’ u , ¤ , w , z given by 3.3 , 3.4 converge monotonically to
Ž . Ža pair of positive quasi-solutions u ’ u , ¤ , w , z and u ’ u , ¤ , w ,s s s s s s s s s
.z , which satisfy the relations
2yD = u q c u s f x , ¤ , z q q ,Ž .1 s 1 s s s 1
2y D = u q c u s f x , ¤ , z q qŽ .1 s 1 s s s 1
2y D = ¤ q c ¤ s g x , u , w q q ,Ž .2 s 2 s s s 2
2y D = ¤ q c ¤ s g x , u , w q qŽ .2 s 2 s s s 2
4.12Ž .
2 2y D = w q c w s c u , yD = w q c w s c u ,3 s 3 s 3 s 3 s 3 s 3 s
2 2y D = z q c z s c ¤ , yD = z q c z s c ¤ .4 s 4 s 4 s 4 s 4 s 4 s
Moreover, for any nonnegative initial function,
h t , x ’ h t , x , . . . , h t , x F Krc , . . . , Krc in Q ,Ž . Ž . Ž . Ž ..Ž .1 4 1 4 0
Theorems 2.1 and 3.3 guarantee that a unique global solution u s
Ž . Ž . ² :u, ¤ , w, z to 4.9 exists and enters the sector u , u as t “ ‘. Since thes s
constant K can be made arbitrarily large, the existence of the solution u is
Ž .ensured for any nonnegative h t, x .
To obtain a unique positive steady-state solution that decays to zero as
< <x “ ‘, we assume that n G 3 and s and q satisfy the decay propertyi i
< <yŽ2 qd i. < <yŽ2 qd i.s x F r x , r x F r x i s 1, 2 4.13Ž . Ž . Ž . Ž .i i i i
yŽ2 qd .Ž .for some positive constants r and d . Let r r s r r with r G ri i i
Ž . Ž .and 0 - d F d , and let U r , V r be any positive functions satisfyingi s s
y1Ž . Ž . Ž . Ž .4.5 , with q r replaced by 1 q M r r and without the condition ati
U Ž .r . Then it is easy to verify that the pair u ’ U , V , U , V and u ’ oÄ Ã0 s s s s s s
Ž .satisfy all of the inequalities in 4.11 . It follows from Theorem 3.1 that the
Ž .steady-state problem of 4.9 has a pair of quasi-solutions u and u suchs s
U Ž .that o F u F u F u , and they satisfy the relation 4.12 . Since, as in theÄs s s
Ž . yd Ž .case of problem 4.1 , U s V s Ar satisfies relation 4.5 and decays tos s
zero as r “ ‘, we see that
< <lim u x s lim u x s o as x “ ‘. 4.14Ž . Ž . Ž .s s
Ž .To ensure u s u , we let w ’ w , w , w , w , withs s 1 2 3 4
w s u y u , w s ¤ y ¤ , w s w y w , w s z y z .1 s s 2 s s 3 s s 4 s s
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Ž .Then w G o, and by 4.12 and the Mean Value Theorem,
2 y1y= w s D yf j , j w q f j , j w y c wŽ . Ž .1 1 ¤ 1 2 2 z 1 2 4 1 1
X X X X2 y1y = w s D yg j , j w q g j , j w y c wŽ . Ž .2 2 u 1 2 1 w 1 2 3 2 2
4.15Ž .
y =2 w s c rD w y wŽ . Ž .3 3 3 1 3
y =2 w s c rD w y w ,Ž . Ž .4 4 4 2 4
Ž . Ž X X .where j , j and j , j are some intermediate values between o and1 2 1 2
U < Ž . < < Ž . <u . Let M , i s 1, . . . , 4, be the maximum values of f j , j , f j , j ,Ä i ¤ 1 2 z 1 2
< Ž X X . < < Ž X X . < ² U:g j , j , and g j , j in o, u , respectively. Then the addition ofÄu 1 2 w 1 2
Ž .the equations in 4.15 gives
y=2W U F M rD q c rD y c rD wŽ .3 2 3 3 1 1 1
q M rD q c rD y c rD wŽ .1 1 4 4 2 2 2
q M rD y c rD w q M rD y c rD w ,Ž . Ž .4 2 3 3 3 2 1 4 4 4
where W U s w q w q w q w . Hence if1 2 3 4
M rD q c rD F c rD , M rD q c rD F c rD ,3 2 3 3 1 1 1 1 4 4 2 2
4.16Ž .
M rD F c rD , M rD F c rD ,4 2 3 3 2 1 4 4
2 U Ž . U Ž . < <then y= W F 0. Since by 4.14 , W x “ 0 as x “ ‘, the Phrag-
U Ž . Uman]Lindalof principle implies that W x F 0. This leads to W s 0,È
which proves u s u . As a consequence of Theorems 3.1, 2.1, and 3.3, wes s
have the following conclusions.
Ž . Ž .THEOREM 4.2. i The steady-state problem of 4.9 has a pair of quasi-
Ž . Ž . Ž . Ž .solutions u ’ u , ¤ , w , z , u ’ u , ¤ , w , z that satisfy 4.12 . ii Fors s s s s s s s s s
Ž . Ž .any nonnegati¤e initial function h ’ h , . . . , h , problem 4.9 has a unique1 4
Ž . ² : Ž .global solution u ’ u, ¤ , w, z that enters the sector u , u as t “ ‘. iiis s
Ž . Ž .If n G 3 and conditions 4.13 and 4.16 hold, then the steady-state problem
Ž . Ž . < <has a unique positi¤e solution u x and u x “ 0 as x “ ‘. Moreo¤er,s s
Ž . Ž .for any initial function h G 0, the corresponding solution u, ¤ , w, z of 4.90
Ž .con¤erges to u x as t “ ‘.s
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